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Stability of Elastic Systems Under Follower Forces

Lien-Wen Chen* and Der-Ming Kut
National Cheng Kung University, Tainan, Taiwan 70101, Republic of China

The stability of a cantilever beam with a tip mass resting on an elastic foundation of the Winkler type and
subjected to a follower force at the free end is studied by the finite element method. Instead of the conventional
trial-and-error technique, the technique of eigenvalue sensitivity is introduced to rapidly obtain the critical
flutter load. The influence of some parameters, such as the modulus of the elastic foundation, the ratio of the
cantilever beam mass to the tip mass, and the rotatory inertia of the tip mass, on the critical flutter is investigated.
Numerical examples are illustrated to show the rapid convergence rate of the iterative technique proposed in
this paper. The excellent agreement of present solutions with the available results is also demonstrated.

I. Introduction

B EAMLIKE structures have been widely used in many
industrial fields, such as mechanical, aerospace, and rocket
engineering, and, therefore, the problems of vibration and
stability of such structural components subjected to noncon-
servative forces have recently received considerable attention
by many researchers. In books by Bolotin! and Leipholz,?
these problems and various types of nonconservative forces
often encountered in practical engineering design are well
discussed and illustrated. It is shown that these problems have
become increasingly important in modern lightweight struc-
ture design.

The stability of a cantilever column subjected to a follower
force at the free end was first investigated by Beck® in 1952.
The case of a column with a concentrated mass was presented
by Pfliiger.* After their works, many investigations have been
devoted to the determination of the influence quantities on
the values of the critical flutter loads of nonconservatively
loaded elastic systems. For example, Nemat-Nasser® consid-
ered the effects of transverse shear deformation and rotatory
inertia as well as the internal damping forces corresponding
to shear deformation for the Beck’s column. Sundararajan®
took into account the influence of an elastic end support on
the stability of Beck’s column. Kounadis and Katsikadelis”*
generalized Nemat-Nasser’s work to assess a variety of pa-
rameters, such as elastic spring supports and attached mass,
on the critical loads. Anderson!® presented the influence of
a tip mass, internal damping, and an elastic foundation upon
the critical flutter load of Beck’s column. In these works,
analytical methods were used and, therefore, a rather com-
plicated frequency equation belonging to a class of transcen-
dental functions was obtained.

With the advances of computer hardware and software,
numerical methods have become popular for analysis of the
stability of nonconservatively loaded elastic systems. Of the
many numerical methods, the most commonly employed is
the finite element method. Barsoum!! presented the finite
element procedure and solution technique to the stability
problem of nonconservative systems. Sundararamaiah and
Rao'? used the Timoshenko beam element to determine the
critical flutter load of Beck’s column. Park!® studied the dy-
namic stability of a free-free Timoshenko beam driven by a
follower force with controlled directions. Chen and Yang'*
carried out the critical loads of a bimodulus Timoshenko beam
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subjected to a combined action of a dead load and a follower
force. The advantages of systematic formulation and high
successful results through the use of the finite element method
are clearly shown in those studies.

As indicated in Ref. 11, the critical load determination of
nonconservative systems could only be accomplished by a trial
method and any acceleration technique, such as the Newton-
Raphson method, would not work. In general, the process of
the trial-and-error technique can be described briefly as fol-
lows. The starting trial load is arbitrarily chosen well below
the critical load; the load is then increased in a large incre-
ment. At each load increment, the two smallest eigenvalues
are found and compared. As soon as the instability region is
reached, the load is decreased by one step increment and the
system is set back into the stable region and then a much
smaller load increment is used until the instability region is
again reached. The process is repeated until the desired ac-
curacy is obtained. It can be seen that this process is quite an
arduous task and consumes quite a bit of computer time if a
sufficient accuracy is required. It is of interest to improve the
arduously numerical work just mentioned. To this end, Ped-
ersen and Seyranian'® took advantage of the technique of
sensitivity analysis for problems of dynamic stability, where
discretized as well as nondiscretized examples are presented
in detail. It is shown that, with the incorporation of the so-
lution to the adjoint problem, a sensitivity analysis of non-
conservative problems only needs comparatively few calcu-
lations.

The objective of this paper is to extend the basic idea in
Ref. 15 and to develop a simple and efficient procedure, which
utilizes eigenvalue sensitivity with respect to the follower force.
The influence of a tip mass and an elastic foundation on the
critical flutter load for a cantilever beam is assessed. Numer-
ical examples show that through the use of the present tech-
nique of eigenvalue sensitivity only a few iterations are re-
quired to achieve quite accurate results and, therefore, computer
time can be considerably reduced.

II. Finite Element Formulation

A uniform cantilever beam on an elastic foundation car-
rying a tip mass M at its free end x = L, at which point it is
also subjected to a follower force P, is shown in Fig. 1. To
derive the element equations of motion for such an elastic
system, the extended Hamilton’s principle can be used as
follows:

f [5(T* — V¢) + sW di = 0 (1)

where T¢ and V* are the kinetic and potential energies of the
element, respectively, and 8W* represents the variational work



768 CHEN AND KU: STABILITY OF ELASTIC SYSTEMS

K
TIETITETITETRR T TTRRRRR A AR A

Fig. 1 Cantilever beam with a tip mass resting on an elastic foun-
dation and subjected to a follower force P at x = L.

done by nonconservative forces and any forces not accounted
for in the potential energy function.

The beam element presented in this work consists of two
nodes; each node has the degrees of freedom of lateral dis-
placement w and cross-sectional rotation 6. The potential en-
ergy V¢ of the beam element of length ! including the effects
of both shear deformation and elastic foundation is given by

e_lf’ e 1f’ ' _ ey
1% —2/0EI(0) dx + 2 |, KGA(w' — 0y dx
1‘[’
- 2
+20wadx ()

where a prime denotes differentiation with respect to axial
distance x, E is the Young’s modulus, I the second moment
of inertia, k the shear coefficient, G the shear modulus, A
the cross-sectional area, and K, the Winkler foundation mod-
ulus.

The kinetic energy T¢ of the beam element considering
rotatory inertia is given by

1

- ; L’ pA(W) dx + % f pI(6) dx

0

1 1 ..
+ EMWZIX=L + 5102|X=L 3)

in which a superscript dot indicates differentiation with re-
spect to time ¢, p is the mass density of the beam material,
and J is the rotatory inertia of the tip mass. The last two terms
in Eq. (3) are included only when the element is connected
with the tip mass.

The only variational work included in this study is due to
the follower force P. According to the definition of Green
strain and under the assumptions that the cantilever beam is
inextensional and the follower force follows the normal of the
section, the variational work can be expressed as

owe = [ Pwow) ax - PO (@)

where the last term is included only when the element is
connected with the tip mass.

In the finite element method, the continuotus displacements
may be approximated in terms of discretized nodal displace-
ments. The lateral displacement w and cross-sectional rotation
6 of a typical point within the element can be related to the
nodal displacement vector {g°} as well as the translational and
rotational shape function matrices [N,] and [N,], respectively,
as,

w = [er er Nt3 Nt4]{qe} = [Nt]{qe} (5)

8 =[N, N, N; NJgt = [Ng} (6)

where (g7} = (wy,8,w3,6,)7, and
No=[1=-38+28 + (1 - 98J(1 + &)
Na=lIE- 28+ 8 + (£ - £)62(1 + 0)
Ny = (& - 26 + &)1 + ¢)
No=I[-€ + € - (6 - £)20(1 + ¢)
Na= 6(—¢ + BV + ¢)]
Na=[1-46+38 + (1 - 961 + ¢)
N, = 6 — &)1 + )]
Ny = (<2 + 38 + &)1 + )
¢ = xi, ¢ = 12EI(kGAP)

The shape functions just listed can be evaluated by using the
expression of Timoshenko beam static deflection.’®

The shear strain y within the element can be obtained by
the use of Egs. (5) and (6). It is

y=S - 0= (NI - NDigh = BYigt ()

With the aid of Eqs. (5-7), the kinetic energy T, potential
energy V¢, and the variational work 8We can be written in
terms of the nodal displacement vector as,

T = H{g VMg + HeV Mgt + Hg Mgy (8)
Ve = HeVKslgt + HaVTKHe} + Hg VK g (9)
oW« = 8lg 1 (PIGEDig — sl (P[GaDigt  (10)

where

1

(5] = [ JpAIN) o

(0451 = [ (N 17pIIN o

(k5] = [ (NTEING ax

0

(K] = || [BJkGA[B)
(K = | KINJTN) o

(6l = [ VIV ax

[M,] : all elements = 0, except M,(3,3) = M, M, (4,4) = J;
[GA] @ all elements = 0, except Go{(3,4) = 1.

It should be noted that the present formulation corresponds
to the conventional Euler-Bernoulli beam model if the ro-
tatory inertia matrix [M¢] and the shear deformation param-
eter ¢ in the shape functions are all omitted it corresponds
to the Rayleigh beam model if only the parameter ¢ is omit-
ted, and if only the rotatory inertia matrix [M¢] is omitted,
then it is indicated as “shear deformation effect only” in the
subsequent study.

Upon substituting Eqs. (8-10) into the extended Hamil-
ton’s principle, Eq. (1), and assembling the contribution of
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each element, the global finite element equation is then ob-
tained as

[MNa + ([K] — P[SDigt = {0} an
where

M) = 3 (M) + D) + M)
(K] = 3 (K51 + K] + [K5)
(5] = 3 (62D - G
@ =2 iq}

All of the matrices just listed are symmetric with the ex-
ception of the matrix [S]. This makes the governing equation,
Eg. (11), of the system non-self-adjoint and reflects the char-
acteristic of nonconservative systems.

III. Stability Analysis and Eigenvalue Sensitivity

A solution of the governing equation, Eq. (11), is now
sought in the form

{g} = ble~ (12)

where w is a characteristic frequency to be determined. Upon
substituting Eq. (12) into Eq. (11), one obtains the eigenvalue
problem as

([K] — P[S] — o’[M])y} = {0} (13)

Dealing with the nonconservative problems, it should be
noted that instability may occur either dynamically (flutter)
or statically (divergence). Divergence occurs when

w, =0, n=1,2,3... (14)
and flutter occurs when
w, = o, m*n,mn=1273 ... (15

The lowest positive value of the divergence and flutter loads
is the critical load and is denoted by P,..

Corresponding to each eigenvalue w? in Eq. (13), there
exists a right eigenvector {y} and a left eigenvector {z;}. They
are defined by

(K] = P[S] — f{MDiy+ = {0} (16)
{z}"([K] — P[S] — wf[M]) = {0}" (17)

The eigenvectors {y} and {z} satisfy the biorthogonality
relations'’

{zi}T[M]{Y,'} = Risij (18)
{zi}T([K] - P[S]){y,-} = wzzRiaij (19)

where R; is the system state modal norm and 8, is the Kro-
necker delta function.

The influence of the follower force on the system eigen-
values can be assessed through the eigenvalue sensitivity anal-
ysis. The basic idea is to expand the eigenvalues and eigen-
vectors in a Taylor series about a reference value of the follower
force

(w?)

w2:w2+__
0 oP

(AP) (20)

where the subscript 0 refers to the evaluation of the term at
the reference value.

Premuttiplication of Eq. (16) by {z}” results in the scalar
equation

{z3"([K] — P[S] — «f[MDiy} = O eay)

Differentiation of Eq. (21) with respect to the follower force
P and making use of the biorthogonality relationships, Eqs.
(18) and (19), the eigenvalue sensitivity coefficient due to the
follower force is obtained:

a(wiz) _ {zi}T[S]{yi}
oP R;

(22)

IV. Algorithm

As indicated in Eq. (15), the onset of instability of flutter
type occurs when the two lowest natural frequencies coalesce.
Suppose that the two lowest natural frequencies, denoted by
w,, and o, are determined from Eq. (13) at a given reference
value of the follower force P*, then a Taylor expansion of
the two natural frequencies about P* yields

v = @), + 24 ap) @)
ot = o), + 2 ap (49

Assuming w; = w,, then AP can be determined from Egs.
(23) and (24) as

AP = [n, - @1 XAy

p*

or expressed in another form by the use of Eq. (22)

AP = [, — (@] / ({zz}flleszl{yz} ) {zl}fglm}> )

where AP is the incremental load and can be regarded as the
difference between the reference load P* and the exact critical
flutter load P.,.

After AP is determined from Eq. (26), the approximation
to the exact critical flutter load is then tried by

P: = P* + AP 7)

Now, the new estimated critical flutter load PZ, Eq. (27),
is substituted into Eq. (13). If there exists at least one pair
of the natural frequencies that are complex conjugate, then
flutter has occurred. Therefore, the exact critical flutter load
P, is surely bounded in the region

P* <P, < P: (28)

and then the next approximation to the exact critical flutter
load is tried by

Pi* = (P* + P})2 (29)

Itis clear that these processes can be repeated for the search
of the exact critical flutter load P, until the difference of the
two lowest natural frequencies, o, and w,, is less than some
acceptable value, or until the incremental load AP becomes
a very small acceptable value. Typically, this procedure con-
verges in a few iterations.
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Table 1 Convergence history of the result of Eq. (30)

Determine AP New estimated value

Iteration Estimated Does flutter occur? [using Eq. (26), if in next iteration
number value [checked by Eq. (13)] necessary] [using Eq. (27) or (29)]
1 0.0 No 8.7998 P} = 8.7998
2 8.7998 Yes —_ Prr = 4.3999
3 4.3999 No 1.3756 P% = 5.7755
4 5.7755 Yes — Pr* = 5.0877
5 5.0877 No 3.4841 x 1072 Pr = 5.1225
6 5.1225 Yes — Px* = 5.1051
7 5.1051 No 2.2307 x 10-3 P: = 51051
Final results: o, = 2.4862, o, = 2.4909, P, = 5.1051
V. Numerical Results and Discussion 21
In the following computations, the beam is modeled as an 20 o —0 o -o—

assembly of eight finite elements of equal length and the shear
coefficient k is taken as 0.85. Also, the following nondimen-
sional quantities are defined:

B=KLYEl, u=MpAL, n=JpAL* R=IA)/L

To evaluate the accuracy of the present finite element model
and show the convergence rate of the iterative procedure
developed here, a numerical example, which was studied by
Kounadis,® is examined first. In this example, u = n = 0.5,
B = 0.0, and the beam is modeled as the Euler-Bernoulli
beam theory. The critical flutter load calculated for this
case is

P, = 5.1051(EI/L?) (30)

and the two lowest natural frequencies, w, and w,, are
w, = 2.4862(EllpAL*)'"? 31
w, = 2.4909(EIl/pAL*)""> (32)

Comparing the present result with Kounadis’ solution P, =
5.11, the accuracy of the present finite element model is dem-
onstrated. The convergence history of the calculation of Eq.
(30) is listed in Table 1. The iterative procedure is initiated
by trying an arbitrarily chosen value of zero as the beginning
trial load of the exact critical flutter load. Following the pro-
cedures described in a previous section, the final result is
obtained after only seven iterations under the criterion that
the two lowest natural frequencies have a difference <0.5%
compared to each other. Because the iterations required in
the conventional trial-and-error technique depend on both
the initial guess of the critical flutter load and the load incre-
ment used in each iteration, the final result is usually obtained
after many iterations. In contrast, an arbitrarily chosen initial
guess can be used in the present eigenvalue sensitivity tech-
nique, thus reducing the computational time if the same finite
element equations are employed.

The effects of transverse shear deformation and rotatory
inertia on the critical flutter load P of a cantilever beam
(0 = n = 0) with the slenderness parameter R = 0.05 and
resting on an elastic foundation is investigated next. Four
different beam models are used and results are compared in
Fig. 2. Upon investigation of Fig. 2, it is seen that besides
the Beck’s column (i.e., the column modeled as the Euler-
Bernoulli beam theory), the transverse shear deformation
on the critical flutter load is completely independent of the
Winkler’s foundation modulus parameter 8. In fact, the effect
of the elastic foundation is only to shift (raise) the flutter
frequency (frequency at which w; = w,). It is also observed
that transverse shear deformation and rotatory inertia each
can decrease the critical flutter load; the critical flutter load
is especially affected by the presence of shear deformation.
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Fig. 2 Variation of the critical flutter load P.. vs the foundation
parameter § for p = 5 = 0, R = 0.05.

Fig. 3 Dependence of the critical flutter load P, on the slenderness
parameter R for four values of 8 with 4 = 5 = 0.

The dependence of the critical flutter load on the slenderness
parameter R varying from 0.001 to 0.1 for different values of
the foundation parameter B is plotted in Fig. 3. As thé slen-
derness parameter becomes small, the critical flutter load ap-
proaches the value of 20.05, which is Beck’s result.>

The variation of critical flutter load P, vs the mass ratio
i, over the range 0 < p < «, is plotted in Fig. 4 for four
values of 8 with n = 0 and R = 0.05. As is seen in Fig. 4,
an increase in B may decrease or increase the value of P;
however, P, is decreased only when w is located in the small
value range. The shapes of the curves in Fig. 4 are strongly
dependent on the value of the foundation modulus parameter
B. To describe this more precisely, two curves are illustrated.
For 8 = 0, the value of P initiates at 16.00 for » = 0, attains
the minimum value at 13.62 for 4 = 0.45, and terminates at
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Fig. 4 Variation of the critical flutter load P, vs the mass ratio p
for four values of 8 with n = 0 and R = 0.05.
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Fig. 5 Variation of the critical flutter load P, vs the mass ratio u
for four values of 8 with » = 0.5 and R = 0.05.

17.30 for 1/u = 0. On the other hand, for the curve of B =
150, P, initiates at 15.50, attains the minimum value at 13.32
at u = 0.1, and terminates at 29.15.

Finally, the influence of the rotatory inertia of the tip mass
on the value of the critical flutter load is presented in Fig. 5
for n = 0.5 and R = 0.05. Because of the presence of the
rotatory inertia of the tip mass, the curves for P, in Fig. 5
exhibit an entirely opposite trend compared with F1g 4. For
a given value of u, the critical flutter load is always increased
as the foundation modulus parameter 3 increases.

VI. Conclusions

A finite element model and the eigenvalue sensitivity tech-
nique are combined to study the stability of nonconservative
systems. Numerical results show that the combined technique
can yield a highly accurate solution within only a few itera-
tions. Use of this technique considerably improves the con-
vergence rate and circumvents an arduously computational
task.

Numerical examples also show that, in the absence of a tip
mass, the elastic foundation does not affect the critical flutter
load if the rotatory inertia of the cantilever beam is not taken
into account. Its effect is only to raise the natural frequencies.

On the other hand, if the tip mass is considered, the critical
flutter load is strongly dependent on the elastic foundation.
Moreover, when the effect of rotatory inertia of the tip mass
is retained, for a given value of the mass ratio u, the critical
flutter load always increases as the foundation modulus is
increased.
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